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ELISA GORLA 

Abstract. We study the family of ideals generated by minors of mixed size 
contained in a ladder of a symmetric matrix from the point of view of liaison 
theory. We prove that they can be obtained from ideals of linear forms by 
ascending G-biliaison. In particular, they are glicci. 



Introduction 

Ideals generated by minors have been studied extensively. They are a central 
topic in commutative algebra, where they have been investigated mainly using 
Grobner bases and combinatorial techniques (see among others [TU], [H], PQ, 0, 
[21j . |17j). They are also relevant in algebraic geometry, since many classical vari- 
eties such as the Veronese and the Segre variety are cut out by minors. Degeneracy 
loci of morphisms between direct sums of line bundles over projective space have a 
determinantal description, as do the Schubert varieties. 

In this paper, we study ideals of minors in a symmetric matrix from the point 
of view of liaison theory. In particular, we consider ideals generated by minors of 
mixed size which are contained in a symmetric ladder. Cogcncratcd ideals in a 
ladder of a symmetric matrix belong to the family that we study. The family of 
cogenerated ideals is a natural one to study from the combinatorial point of view 
(see [7] or [8]). However, from the point of view of liaison theory it is more natural 
to study a larger class of ideals, as they naturally arise during the linkage process. 
We call them symmetric mixed ladder determinantal ideals. 

In Section 1 we set the notation and define symmetric mixed ladder determinan- 
tal ideals (Definition 11.31) . In Example 11.51 (3) we discuss why cogenerated ladder 
determinantal ideals of a symmetric matrix are a special case of symmetric mixed 
ladder determinantal ideals. In Proposition 11.71 we show that symmetric mixed 
ladder determinantal ideals are prime and Cohen-Macaulay. In Proposition II .81 we 
express their height as the cardinality of a suitable subladder. 

In Section 2 we review the notion of G-biliaison, stating the definition and main 
result in the algebraic language (see Definition 12.21 and Theorem 12 . 3[) . In Thco- 
rcm l2.4l we prove that symmetric mixed ladder determinantal ideals can be obtained 
from ideals of linear forms by ascending G-biliaison. In particular, they are glicci 
(Corollary ES}. 
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1. Ideals of minors of a symmetric matrix 

Let K be an algebraically closed field. Let X = (xij) be an n x n symmetric 
matrix of indeterminates. In other words, the entries Xij with i < j are distinct 
indeterminates, and x^ = Xji for i > j. Let -^[AT] = K[xij | 1 < i < j < n] be the 
polynomial ring associated to the matrix X . In this paper, we study ideals generated 
by the minors contained in a ladder of a generic symmetric matrix from the point of 
view of liaison theory. Throughout the paper, we only consider symmetric ladders. 
This can be done without loss of generality, since the ideal generated by the minors 
in a ladder of a symmetric matrix coincides with the ideal generated by the minors 
in the smallest symmetric ladder containing it. 

Definition 1.1. A ladder £ of J is a subset of the set X = {(i, j) e N 2 | 1 < 
hj < n } with the following properties : 

(1) if £ C then £ C (i.e. C is symmetric), and 

(2) if i < h,j > k and (z, j), (h, k) £ £, then (i, k), (i, h), (h,j), (j, k) £ C. 

We do not make any connectedness assumption on the ladder C. For ease of 
notation, we also do not assume that X is the smallest symmetric matrix containing 
C. Let 

X+ = {(i, j) e X | 1 < i < j < n} and C + =CC\X + . 

Since C is symmetric, C + determines C and vice versa. We will abuse terminology 
and call C + a ladder. Observe that C + can be written as 

C + = € X + | i < ci or j < di for I = 1, . . . , r and 

i > ai or j > bi for I = 1, . . . , u} 

for some integers 1 < a\ < . . . < a u < n, n > b± > . . . > b u > 1, 1 < c\ < . . . < 
c r < n, and n > d\ > . . . > d r > 1, with a; < 6/ for I = 1, . . . , u and c; < di for 
/ = l,...,r. 

The points (01,62), . . . , (a u -i,b u ) are the lower outside corners of the lad- 
der, (ax, 61), . . . , (a u ,b u ) are the lower inside corners, (02, d\), . . . , (c r , d r _i) the 
upper outside corners, and (cx, Ox), • • • , (c r , d r ) the upper inside corners. If 

d M 7^ 6„, then (a u ,a„) is a lower outside corner and we set b u+ \ = a u . Similarly, 
if c r ^ d r then (d r ,d r ) is an upper outside corner, and we set c r +i = d r . See also 
Figure [TJ A ladder has at least one upper and one lower outside corner. Moreover, 
(ax, bi) = (cx, d\) is both an upper and a lower inside corner. 

The upper border of C + consists of the elements (c, d) of C + such that either 
q < c < Q+x and d = di, or c = c; and di < d < d/_x for some Z. See Figure^ 

All the corners belong to £ + . In fact, the ladder C + corresponds to its set of 
lower and upper outside (or equivalently lower and upper inside) corners. The 
upper corners of a ladder belong to its upper border. 

Given a ladder C we set L = {x^ £ X \ £ and denote by K[L] the 

polynomial ring K\xij \ Xij £ L\. For t a positive integer, and 1 < a\ < . . . < at < 
n, 1 < pi < . . . < j3t < n integers, we denote by [ax, • • • , ott'i 01, ■ ■ ■ , A] the i-minor 
det(x au /3 j ). We let h{L) denote the ideal generated by the set of the t-minors of 
X which involve only indeterminates of L. In particular It(X) is the ideal of K\X] 
generated by the minors of X of size t x t. 

In this article, we study the G-biliaison class of a large family of ideals generated 
by minors in a ladder of a symmetric matrix. 
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(ai,6i) = (ci,di) (c 2 ,di) (n,n) 



[tv+i, d r ) 



(ai,6 2 



[a 2 ,b 2 



(1,1) 

Figure 1. An example of ladder with tagged lower and upper corners. 




Figure 2. The upper border of the same ladder. 
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Notation 1.2. Let £+ be a ladder. For (c,d) G C + let 

C t,d) = J) G -C + | i < c, j < 4, L M) = {xy G X | G £+ d) }. 
See also Figure [3] Notice that £^ „ is a ladder according to Definition 11.11 and 

c+ = U 4,,) 

where IA denotes the set of upper outside corners of £ + . 



(v,w) 




Definition 1.3. Let Wi), . . . , (v s , w s )} be a subset of the upper border of C + 
which contains all the upper outside corners. We order them so that 1 < V\ < . . . < 
v s < n and n > w\ > . . . > w s > 1. Let i = (tx, . . . ,t s ) be a vector of positive 
integers. Denote L( Vk ,w k ) by Lu- The ideal 

I t {L)=I tl {L 1 ) + ...+I ta {L s ) 

is a symmetric mixed ladder determinantal ideal. Denote I( t ,...,t)(L) by It(L). 
We call (i>x, Wi ),..., (i> s , iu s ) distinguished points of C + . 

Remarks 1.4. (1) Let M D C be two ladders of A", and let M, L be the 
corresponding sets of indeterminates. We have isomorphisms of graded 
i£T-algebras 

K[L]/I t (L) = K{M]/I t (L) + ( Xij | xu G M\L) ir[X]// 2t (i) + (^ | Xij G 
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Here It{L) is regarded as an ideal in K [L] , K [M } , and K[X] respectively. 
Then the height of the ideal h{L) and the property of being prime, Cohen- 
Macaulay, Gorenstein, Gorenstein in codimcnsion < c (see Definition I2.1[) 
do not depend on whether we regard it as an ideal of -ftT[X], K [M], or 

(2) We can assume without loss of generality that for each I = 1, . . . , s there 
exists a, k £ {1, . . . ,u — 1} such that 

ti < mm{vi - dk + 1, 10/ - b k+ i + 1} 

In fact, if ti > min{«j — afc + l,t0j — b k +\ + 1} for all k, then I tl (Li) = 0. 
If that is the case, replace L by M := U^Li, eliminate (vi,wi) from the 
distinguished points and remove the Z-th entry of t to get a new vector m. 
Then we obtain a new ladder for which the assumption is satisfied and such 
that I m (M) = I t {L). 

(3) We can assume that 

w k - Wk-i <t k - tk-i < v k - Ufe-i, for k = 2, . . . , s. 

In fact, if Vk — Ufc-i < £fc — tfc— i, by successively developing a ^-minor of Lfc 
with respect to the first Ufc — Ufc_i rows we obtain an expression of the minor 
as a combination of minors of size t k — («fc — Ufe-i) > tfe— l that involve only 
indeterminates from Lk-i- Therefore I tk (Lk) 3 It k _ 1 {Lk-i). Similarly, if 
Wk — Wk—i tk — tk—i, by developing a ifc_i-minor of L^-i with respect 
to the last Wk-i — Wk columns we obtain an expression of the minor as a 
combination of minors of size tk-i — (wk-i — Wk) > tk that involve only 
indeterminates from L^. Therefore I tk l (Lk-i) Q I tk (Lk). In either case, 
we can remove a part of the ladder and reduce to the study of a proper 
subladder that corresponds to the same symmetric ladder determinantal 
ideal. 

(4) We can always find k 6 {1, . . . , s} such that Vk > Wfc-i and Wk > Wk+i- 
In fact, the two inequalities are satisfied if and only if (vk, uik) is an upper 
outside corner. Notice that if we have distinguished points (vk,Wk) and 
(ufe+ij Wfc+i) on the same row or column, then one of the following holds: 

• either v k = Vk+i and t k > t k+u 

• or w k = w k+ i and t k+ i > t k . 

In particular, we can find k £ {1, . . . , s} such that tk > 2, vu > Ufe-i and 
Wk > Wk+i, unless tk = 1 for all k. 

The following are examples of determinantal ideals of a symmetric matrix which 
belong to the class of ideals that wc study. 

Examples 1.5. (1) If t = (t, . . . , t) then It(L) is the ideal generated by the 
i-minors of X that involve only indeterminates from L. These ideals have 
been studied in [4], [5], and [6]. 

(2) If C = X, then according to Remarks 11.41 we can assume that wi = n for 
all / = 1, . . . , s and v s = n. From Remark 11.41 (3), we have £/ > ti-i and 
vi > iJ;_i for all I. Then It(L) is generated by the ii-minors of the first 
v\ rows, the ^-minors of the first vi rows, . . . , the t s -minors of the whole 
matrix. This is a simple example of a cogenerated ideal. 

(3) The family of symmetric mixed ladder determinantal ideals contains the 
family of cogenerated ideals in a ladder of a symmetric matrix, as defined 
in [4]. We follow the notation of [4], and assume for ease of notation that 
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(1, n) is an inside corner of C (i.e., that X is the smallest matrix containing 
L). If a = {ai, . . . ,at}, then I a (L) = I T (L) where {(vi,Wi), . . . , (v s , w s )} 
consists of the upper outside corners of C, together with the points of the 
upper border of C which belongs to row cti — 1, for all I for which such an 
intersection point is unique (if for some I the intersection of the row on — 1 
with the upper border of C consists of more than one point, then C has an 
upper outside corner on the row ai — 1 and we do not add any extra point 
to the set). For each k = 1, . . . , s, we let T& = min{7 | on > Vk}- 
(4) Let X be a matrix of size m x n, m < n, whose entries are indeterminates. 
Assume that X contains a square symmetric submatrix of indeterminates, 
and that all the other entries of X are distinct indeterminates. In block 
notation 



where S is a symmetric matrix of indeterminates and M, N, P are generic 
matrices of indeterminates. Let t G Z+. Then It(X) is a symmetric ladder 
determinantal ideal generated by the minors of size ( x t contained in a 
symmetric ladder of 



where Y, Z are symmetric matrices of indeterminates, and M* denotes the 
transpose of M. This was observed by Conca in [4]. 

In this section we establish some properties of symmetric mixed ladder deter- 
minantal ideals. It is known ([4]) that cogencratcd ideals are prime and Cohcn- 
Macaulay. In the sequel we show that the result of Conca easily extends to symmet- 
ric mixed ladder determinantal ideals. We exploit a well known localization tech- 
nique (see [3J, Lemma 7.3.3). The same argument was used to prove Lemma 1.19 
in [12] . For completeness, we state it for the case of a ladder of a symmetric matrix 
and we outline the proof. We use the notation of Definitions 11.11 and 11.31 From 
Remark 11.41 (4) we know that we can always find k G {1, . . . , s} such that tk > 2, 
v k > Vk-i and w k > Wk+i, unless t = (1, . . . , 1). 

Lemma 1.6. Let C be a ladder of a symmetric matrix X of indeterminates. C has 
a set of distinguished points {(v\, Wi), . . . , (v s , W s )} G C + and t = (t\, . ■ . , t s ) £ Z^_. 
Let It{L) be the corresponding symmetric mixed ladder determinantal ideal. Let 
k G {1, . . . , s} such that tk > 2, Vk > ffc-i and Wk > Wk+i ■ 

Let t' — (t±, . . . ,tk-x,tk — 1, ife+i, • • • , i s ) an d let £' be the ladder obtained 
from C by removing the entries (v k -i + 1, Wk), ■ ■ ■ , (vk ~ 1, w k ), (vk,w k ), (vk,w k - 
1) . . . , (yk, Wk+i + 1) and the symmetric ones. Let 

(vi,W 1 ),...,(vj e -l,Vj e -l),(vk -l,W k - 1), (v k +l,W k+ i), . . . , (V S ,W S ) 

be the distinguished points of C . 

Then there is an isomorphism between K[L]/ I t (L)[x~^ v ] and 

K[L )/ It' (L ) [x Vk _ l J r \^ Wk , . . . , x Vk —i tWk , x Vk ^ Wk , x Vk iWk — i , . . . , x VktWk+1 -i r i]. 




( 



Y M N 
M t S P 
N* P* Z 



) 
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Proof. Under the assumption of the lemma, £' is a ladder and If (L') is a symmetric 
mixed ladder determinantal ideal. Let 

A = K[L}[x- k ) Wk ] 

and 

B = K[L ] [ X V k _ 1 +l,W k I ■ • ■ 7 X V k — l,W k J X V k ,W k ! ^tlfe.tUfc — 1) • • • ) X -Ufc,Wfc + l + l]- 

Define a /•sT-algcbra homomorphism 

</? : 4 — > B 

Wk and (ijj) G £(v k ,w k ) 

Xi.j otherwise. 
The inverse of tp is 
■0 : B — > A 

x itj - Xi, Wk x Vklj x- k ) Wk if i ^ v k ,j + w k and (i, j) G £(„ fc)tUfc) 



'■J 



Xi.j otherwise. 



It is easy to check that ip and ip are inverse to each other. Since 

Vihk ( L (v k ,w k ))A) = 7 tfc _i(L' (t , fc _ ltUfc _ 1) ).B 

we have 

tp{I t (L)A) = I V {L')B hence A/I t (L)A = B/I t ,(L')B. 

□ 

Using Lemma 11.61 we can establish some properties of symmetric mixed ladder 
determinantal ideals. 

Proposition 1.7. Symmetric mixed ladder determinantal ideals are prime and 
Cohen- Macaulay. 

Proof. Let It{L) be the symmetric mixed ladder determinantal ideal associated to 
the ladder C with distinguished points {v\, Wi), . . . , (v s , w s ) and t = (ti, . . . ,t s ). 
Let t ma x = max{ti, ...,i s }. If t max = 1 then It(L) is generated by indetcrminates, 
hence it is prime and Cohen-Macaulay. Therefore assume that t ma x > 2 and let C 
be the ladder with the same lower outside corners as £, and upper outside corners 
(vk + t max — tk, Wk + t max — tfe) for k = 1, . . . , s. Notice that the corners are distinct, 
and the inequalities of Definition 11.11 arc satisfied by Remark 11.41 (3). In other 
words, for each k = 2, . . . , s we have 

Wk + tmax ~tk < W k -l + tmax - tfc-1 aild Vk + t m ax ~ tfe > «fc-l + t ma x - tfc-1- 

Let L = {xij G X | (i, j) G C, i < j} and let M = L\L. Denote by lt max (£) the 
ideal generated by the minors of size t max which involve only indeterminates in L. 
By Lemma 11.61 there exists a subset {z±, z m } of M such that 

# [L] Amax (£) 1 . • ■ • = M A W M K 1 . ■ • • , *m 1 ■ 

The ring ii"[L]// tmax (L) is a Cohen-Macaulay domain by Theorem 1.13 in [4]. 
Therefore i4T[L]// t (L)[M][zj~ 1 , . . . , z" 1 ] is a Cohen-Macaulay domain. Since M 
is a set of indeterminates over the ring K[L]/ I t (L) and zi,....,z m G M, then 
if[L]// t (L)[M] is a Cohen-Macaulay domain. Hence h{L) is prime and Cohen- 
Macaulay. □ 
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A standard argument allows us to compute the height of symmetric mixed ladder 
determinantal ideals. These heights have been computed by Conca in [4] for the 
family of cogcncratcd ideals. The arguments in [3] are of a more combinatorial 
nature, and the height is expressed as a sum of lengths of maximal chains in some 
subladdcrs. Our formula for the height is very simple. The proof is independent of 
the results of Conca, and it essentially follows from Lemma Tl .61 We use the same 
notation as in Definitions 11.11 and 11.31 and Lemma 11.61 An example is given in 
Figure |U 

Proposition 1.8. Let C be a ladder with distinguished points (v\, W\), . . . , (v s , w s ) 
and let 

-- {(i,j) G C + \i < v k -i - tfc-i + 1 or j < Wk - h + 1 for k = 2, . . . , s, 

j < wi — h + 1, i < v s —t s + 1}. 
H + U {(j, i) | (i, j) G % + }. Then % is a symmetric ladder and 

htlt(L) = \n + \. 




Figure 4. An example of C + with three distinguished points and 
t = (3,6,4). The corresponding TL + is shaded. 



Proof. Observe that by Remark QT4] (3) 

Vk -t k + l> w fe _i - tfc-i + 1, and w k -t k + l< w k _i - t h _ x + 1. 

Therefore H is a ladder with upper outside corners {(v k — ifc + 1, w k — 1% + 1) | k = 
1, . . . , s} and the same lower outside corners as C. Let H = {xij | (i,j) G H + }. 
We argue by induction on r = t\ + . . . + t s > s. If r = s, then t\ = . . . = t s = 1, 
and C = H. Hence 

h(L) = ( Xij | Xij eL) = h(H) = \H + \. 
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Assume now that the thesis holds for r — 1 > s and prove it for r. Since r > s, 
by Remark 11.41 (4) there exists k G {l,...,s} such that tk > 2, Vk > ffc-i and 
Wk > Wk+i- By Lemma 11.61 we have an isomorphism between K[L]/ I t {L)[x~ l w ] 
and 

K[L ]/If (L ) [x Vk _ 1 ,w k , ■ • ■ j Xv k -l,w k , x v k ,w k > x v k ,w k — li • ■ • J ^Dfc.^fc + l + l]- 

Since x Vk . Wk does not divide zero modulo I t '(L') and It(L)-, we have 

htlt(L) = ht /*/(£')■ 

The thesis follows by the induction hypothesis, observing that the same ladder T-L 
computes the height of both It'(L') and h{L)- D 



2. G-BILIAISON OF SYMMETRIC MIXED LADDER DETERMINANTAL IDEALS 

In this section we study symmetric mixed ladder detcrminantal ideals from the 
point of view of liaison theory. We prove that they belong to the G-biliaison class 
of a complete intersection. In particular, they are glicci. This is yet another family 
of ideals of minors for which one can perform a descending G-biliaison to an ideal 
in the same family, in such a way that one eventually reaches an ideal generated by 
linear forms. Other families of ideals that were treated with an analogous technique 
are ideals generated by maximal minors of a matrix with polynomial entries [16] . 
minors of a symmetric matrix with polynomial entries |llj , minors of a matrix with 
polynomial entries [13] , minors of mixed size in a ladder of a generic matrix [12] . 
and pfaffians of mixed size in a ladder of a generic skew-symmetric matrix [9] . 

In [14], [15], [16] Hartshornc developed the theory of generalized divisors, which 
is a useful language for the study of Gorenstein liaison via the study of G-biliaison 
classes. In [TS] it was shown that even Cl-liaison and Cl-biliaison generate the same 
equivalence classes. In [19] Kleppe, Migliore, Miro-Roig, Nagel and Peterson proved 
that a G-biliaison on an arithmetically Cohen-Macaulay, G\ scheme can be realized 
via two G-links. The result was generalized in [TB] by Hartshorne to G-biliaison on 
an arithmetically Cohen-Macaulay, Go scheme. 

In Proposition 11.71 we saw that symmetric mixed ladder determinantal ideals 
are prime, hence they define reduced and irreducible, projective algebraic varieties. 
Since we wish to work in the algebraic setting, we state the definition of G-biliaison 
and the main theorem connecting G-biliaison and G-liaison in the language of ideals. 

Definition 2.1. Let R = K[L] and let J C R be a homogeneous, saturated ideal. 
We say that J is Gorenstein in codimension < c if the localization (R/J)p is 
a Gorenstein ring for any prime ideal P of R/ J of height smaller than or equal to 
c. We often say that J is G c . We call generically Gorenstein, or Go, an ideal J 
which is Gorenstein in codimension 0. 

Definition 2.2. (|16j. Sect. 3) Let R = K[X] and let I\ and I2 be homogeneous 
ideals in R of pure height c. We say that I\ is obtained by an elementary G- 
biliaison of height h from I2 if there exists a Cohen-Macaulay, generically Goren- 
stein ideal J in R of height c — 1 such that J C I 1 n I2 and I\J J = [I2/ J]{—h) as 
Rj J-modules. If h > we speak about ascending elementary G-biliaison. 

The following theorem gives a connection between G-biliaison and G-liaison. 
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Theorem 2.3. [Kleppe, Migliore, Mird-Roig, Nagel, Peterson [19]; Hartshorne [16] / 
Let I\ be obtained by an elementary G-biliaison from 1^. Then I2 is G-linked to I\ 
in two steps. 

We now show that symmetric mixed ladder determinantal ideals belong to the 
G-biliaison class of a complete intersection. The idea of the proof is as follows: 
starting from a symmetric mixed ladder determinantal ideal /, we construct two 
symmetric mixed ladder determinantal ideals /' and J such that J is contained in 
I Pi I' and ht / = lit /' = ht J + 1 . We show that / can be obtained from /' by an 
elementary G-biliaison of height 1 on J. 

Theorem 2.4. Any symmetric mixed ladder determinantal ideal can be obtained 
from an ideal generated by linear forms by a finite sequence of ascending elementary 
G-biliaisons. 

Proof. Let /*(£) be a symmetric mixed ladder determinantal ideal associated to a 
ladder C + with distinguished points (i>i, Wi), . . . , (v s , w s ). Let L k = L(„ fctUfc ), then 

I t (L) = I tl (Li) + • • • + h, (L s ) C K [L]. 

As discussed in Remark 11.41 (1) we will not distinguish between symmetric mixed 
ladder determinantal ideals and their extensions. Therefore, all ideals will be in 
R = K [L]. If ti = . . . = t s = 1 then It{L) is generated by linear forms. Hence let 
t k = max{£i, . . . ,t s } > 2. From Remark 11.41 (3) we have that Wk+i — Wk < < 
Vk — ffc-i- In particular (vkyWk) is an upper outside corner. 
Let L' + be the ladder with distinguished points 

(Vx, Wl), . . . , (Vk-l, Wk-l), (vk -l,Wk- I), (Vk+l,W k+ l), . . . , (v s ,w s ). 

Observe that C' + is obtained from C + by removing the entries 

(Vk-l + 1, W k ), ...,(v k - l,W k ), (v k ,W k ), (v k ,W k + 1), . . . , (Ufc, w k +i - 1). 

Let t' = (ti, . . . , tje-x, tk~ 1, tk+i, ■ ■ ■ , t a ), and let It> (L 1 ) be the associated symmetric 
mixed ladder determinantal ideal. It is easy to check that C' + and t 1 satisfy the 
inequalities of Definition 11.31 and of Remarks 11.41 By Proposition 11.81 

ht I t {L) = UI t ,(L') = \U+\ 

where 

H+ = {(i,j) eC+\i< Vk-i - t k -i + 1 or j < w k - t k + 1 for k = 2, . . . , s, 

j < wi — ti + 1, i < v s —t s + 1}. 
Let J + be the ladder obtained from C + by removing (vk,Wk), and let 

(vi,Wi), . . . ,(v k -l,Wk-l),(Vk - l,w k ),(v k ,w k - 1), (v k +i, w k +i), ■ ■ ■ , (v s , w s ) 

be its distinguished points (see Figured]). Let u = (ti, . . . , t k -i,t k , t k , t k +i, ■ ■ ■ , t s ). 
Then 

Iu(J) = ^ti(il) + ■ ■ ■ + I tk _ 1 {L k - 1 ) + It k (J(v k -l,w k )) + I t k (J(v k ,w k -l)) + 

+It k+1 (L k+ i) + ... + ItAL s ). 
In other words, I U (J) is the ideal generated by the minors of It(L) that do not 
involve the indeterminate x VktWk . We claim that I U (J) C It(L) D I t >(L'). It is clear 
that I U (J) C It(L). The inclusion I U (J) C It'(L') follows from It k {Lu] k -i,w k )) + 
h k {L{v k ,w k -i)) C It k -i(L^ Vk _ hWk _^). 
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Figure 5. An example of £+ with £'+ and J + . The distinguished 
point (vk,Wk) is marked. C' + is colored in a darker shade and the 
entries which belong to J + but not to C l+ are colored in a lighter 
shade. 

Let 

i+ = n + \ {{v k - t k + i,w k -t k + 1)}. 

By Proposition 11.81 

ht/ u (J) = =ht/ t (i)-l. 

The ideal I U {J) is prime and Cohen-Macaulay by Proposition 11.71 In particular it 
is generically Gorenstein. 

We claim that It(L) is obtained from It'(L') by an elementary G-biliaison of 
height 1 on I U (J)- This is equivalent to showing that 

(1) I t {L)/I u {J) = [I t ,{L')/I u {J)]{-l) 

as R/I u ( J)-modules. Denote by [cti,. . . , at; Pi, . . . , f3 t ] the t x i-minor of X which 
involves rows cti, . . . ,at and columns f3\, . . . , j3 t . We claim that multiplication by 

j _ K - t k + 1, ■ ■ ■ , Vk - 1; w k - t k + 1, . . . , w k - 1] 
[vk - tk + 1, • ■ • , v k - 1, v k ; w k - t k + 1, . . . , w k - 1, w k ] 
yields an isomorphism between I t (L) / I U (J) and [I t >(L')/I u (J)](— 1). 

Notice in fact that the ideal It(L) / I U (J) is generated by the minors of size t k x t k 
of L k which involve both row v k and column w k , while the ideal I t '(L')/I u (J) 
is generated by the minors of size (t k — 1) x (t k — 1) of L' k . For any minor 
[oil, ■ ■ ■ , at fc -i) Vk',01, ■ ■ ■ ,fit k -i,Wk\ e h k {L k ) which involves both row v k and col- 
umn w k , consider the minor [ai, . . . , a tk -i;0i, ■ ■ ■ , 0t k -l] ^ h k -i{L' k )- By [TT], 
Lemma 2.6 

[ai,..., a tk -i; fii, ■ ■ ■ ,p tk -i\-[vk-t k + l, ■ ■ ■ ,v k -l,vk;w k -tk+l, ■ . .,w k -l,w k ] = 
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[vk — tk + 1, • • • ,Vk - l\Wk -tfe + 1, . . . ,vik - 1] • [ai, • • • ,&t k -i, Vk]/3i, ■ ■ ■ w k] 
modulo /„(</). Therefore the ideals 

[vk - tk + 1, • • • , v k - 1; w k - t k + 1, • • • , w k - 1] • I t {L) + I U {J) 

and 

[vk ~ tk + 1, • • • , v k ] w k - t k + 1, • • . , w k ] ■ If {L') + I U (J) 
are equal, hence they are equal modulo (J). Therefore isomorphism ([T]) holds, and 
It{L) and It'(L') are G-bilinked on I U (J). Repeating this procedure, one eventually 
reaches the ideal generated by the entries of the ladder H defined in Proposition ! 1.81 
Clearly 

h(H) = (x ij | (i,j)en) 

is a complete intersection. □ 

The following is a straightforward consequence of Theorem 12.41 according to 
Theorem [231 

Corollary 2.5. Every symmetric mixed ladder determinants ideal It(L) can be 
G-linked in 2(t\ + . . . + t s — s) steps to a complete intersection of linear forms of 
the same height. Hence symmetric mixed ladder determinantal ideals are glicci. 
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